We develop a theoretical framework for understanding dynamic morphologies and stability of droplet interface bilayers (DIBs), accounting for lipid kinetics in the monolayers and bilayer, and droplet evaporation due to imbalance between osmotic and Laplace pressures. Our theory quantitatively describes distinct pathways observed in experiments when DIBs become unstable. We find that when the timescale for lipid desorption is slow compared to droplet evaporation, the lipid bilayer will grow and the droplets approach a hemispherical shape. In contrast, when lipid desorption is fast, the bilayer area will shrink and the droplets eventually detach. Our model also suggests there is a critical size below which DIBs can become unstable, which may explain experimental difficulties in miniaturising the DIB platform.
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Droplet Interface Bilayers (DIBs) are constructed by bringing together two (or more) lipid monolayer-encased water droplets submerged in oil [1, 2] . As the droplets contact one another, lipid bilayers form spontaneously. The lipids can be introduced in the bulk of the oil phase (lipid-out, Fig. 1(a) ) or inside the water droplets (lipidin, Fig. 1(b) ). DIBs can be assembled in several ways, including connecting millimeter-sized aqueous droplets using pipettes, electrodes or lasers [1] [2] [3] [4] , high throughput microfluidic devices [5] [6] [7] [8] and 3D printing [9] .
DIBs have a number of advantages over other lipid bilayer platforms. Electrical characterisation across the bilayer is easy to perform [10] [11] [12] . It is possible to introduce asymmetric bilayers using the lipid-in method [13, 14] and to construct complex droplet networks [15] [16] [17] . A number of membrane proteins have also been successfully reconstituted across DIBs, including the viral potassium channel Kcv, the light-driven proton pump bacteriorhodopsin, and the mechanosensitive channel of large conductance (MscL) [17] [18] [19] [20] . Given these advantages, the potential applications of DIBs are wide-ranging, from droplet arrays for ion channel screening [19, 20] and chemical microreactors [21, 22] to responsive materials [9, 23, 24] and mimics of electrical circuits and logic gates [25] .
The stability of DIBs, however, remains a major issue [3, 26, 27] , especially for DIBs below several hundreds of microns [26] . Furthermore, when DIBs become unstable, their morphological evolution is extremely rich [27] . As the droplets shrink due to evaporation, the lipid bilayer can (i) zip and increase in size, (ii) unzip until the droplets eventually detach, or (iii) the system can shrink almost uniformly. Here we provide a theoretical framework to address both the issues of DIB stability and dynamic morphologies, for which there has been no explanation to date. The ingredients of our model are the balance between Laplace and osmotic pressures, which determine the evaporation rate of DIBs; and lipid kinetics, which include lipid adsorption, desorption and exchange between the monoand bi-layers.
Our main results are as follows. First, we are able to construct comprehensive phase diagrams, which reproduce and distinguish the dynamic regimes observed in experiments. Second, our theory predicts a size limit of stable DIBs. For the typical materials used in references [26, 27] , DIBs smaller than O(100 µm) can become unstable. Third, we elucidate a mechanistic understanding for both the dynamic morphology diagram and DIB stability, arising out of a competition between four characteristic timescales: lipid desorptions for the (i) mono-and (ii) bi-layers, (iii) droplet evaporation, and (iv) lipid exchange between the mono-and bi-layers.
We begin by describing our model for lipid kinetics. We use subscripts i = l, r to represent the left and right droplets (see Fig. 1 ), superscript b to label the bilayer, and no superscript for the monolayers (for brevity). The change in the number of lipids on the monolayers and bilayer is due to three different processes. The first process is lipid adsorption from the bulk liquid to the interface,
The adsorption rate is proportional to the density of available sites per unit area, (Γ ∞ − Γ i ). Γ ∞ is the density of total available sites, while Γ is the density of occupied sites. k on is the rate constant of lipid adsorption, and S is the monolayer area. to the bulk liquid,
with k of f the desorption rate constant. In general k on and k of f depend on the lipid density in the bulk liquid [28] . There are several possible underlying molecular mechanisms for lipid transfer, including rupture and extraction mechanisms [29] . However, in our minimal model, it is neither necessary nor possible to make explicit statement about molecular mechanisms. For simplicity, we assume k on and k of f to be constants. The third process is the exchange of lipids from the monolayer to the bilayer, and vice versa,
We assume the current to be proportional to the difference in chemical potentials for the lipids in the monolayers and bilayer, with a proportionality constant ξ. The prefactor 2πa corresponds to the contact line perimeter where the monolayers meet the bilayer, with a the bilayer radius and A = πa 2 the bilayer area. Here k B is the Boltzmann constant and T is the system temperature.
The chemical potential of the monolayer can be calculated using the Gibbs-Duhem equation [30] , −Γdµ = dγ. We employ a standard relation between the monolayer tension and its surface excess [31] 
. γ 0 is the surface tension of a clean oil-water interface, when there is no adsorbed lipid. Substituting this equation to the Gibbs-Duhem equation leads to the following relation for the chemical potential
Similar to Eqs. (1)- (3), equivalent relations for lipid adsorption, desorption and exchange can be written for the bilayer, as given in the SI [32] . For the lipid-out method, there is no direct lipid exchange from the bulk liquid to the bilayer. The variation in the number of lipids is only due to the exchange between the monolayers and bilayer. Additionally, we assume the bilayer to be incompressible with constant chemical potential µ b and lipid density Γ b . Changes in the total number of lipids in the bilayer thus necessarily involve changes in the bilayer area. To justify this assumption, we note that bending deformation to the bilayer is not appreciable in the typical experiments [26, 27] . Using the DOPC bilayer as an example, the compressibility is ≈ 290 mN·m −1 while its bending modulus is ≈ 29 k B T [33] . Consequently, for an energy scale of order of the bending energy, the relative change in lipid density on the bilayer due to compression is negligible, of order 0.01%. Indeed for higher compression, the lipid bilayer buckles [26, 27] .
To model droplet evaporation, here we focus on cases where the two droplets forming the DIBs are exactly or close to being symmetric. Thus, evaporation is driven by the imbalance between the osmotic pressure difference ∆Π and the Laplace pressure P L between outside and inside the droplets. The osmotic pressure difference and the Laplace pressure between the two droplets themselves are negligible. The outward flux of water from droplet i can be written as [34] 
v w is water's molar volume, R GP is the gas constant, and p f is the monolayer's water permeability coefficient. The osmotic pressure outside the droplets, Π out , is taken to be constant with time, while inside the droplets we use van't Hoff's law [30] for dilute solutions, Recent experiments demonstrate that as DIBs become unstable, their dynamic morphologies can follow several distinct pathways. Mruetusatorn et al. [27] reported three classes of behaviour. Class I ("bilayer expansion") is highlighted by the observation that the bilayer area grows ( Fig.  2(a) ) and the droplets' polar angles decrease (Fig. 2(b) ) upon evaporation. The polar angles, θ l and θ r , are defined in Fig. 1 . In contrast, for class III ("unzipping"), the bilayer area shrinks (Fig. 2(e) ) while the polar angles increase ( Fig. 2(f) ) until eventually the two droplets detach. Finally, in class II, the DIB shrinks while maintaining approximately constant polar angles (see SI [32] , including comparison with our model). According to our theory, class II corresponds to one of several possible crossover behaviours between the two dominant dynamic modes: "bilayer expansion" and "unzipping". Fig. 2 demonstrates that our model reproduce experimental results with good agreement. The experimental data were obtained using the lipid-out approach, in which DOPC lipids are introduced in soybean oil (top row) and hexadecane (bottom row). As the droplet evaporates, we find the lipid surface density Γ closely approaches the saturated density Γ ∞ . Thus, far from equilibrium, lipid adsorption at the monolayer is very small compared to desorption, k on (Γ ∞ − Γ i ) k of f Γ i , and can be neglected. To reduce the number of free parameters, we assume the initial lipid monolayer density is the same for the right and left droplets, and equal to the bilayer lipid density, Γ b = Γ(0). We also assign typical literature values to the following parameters: p f = 80 µm·s −1 [35] [36] [37] [38] [39] , Γ ∞ = 2.3 × 10 18 m −2 [40] , and γ 0 = 25 mN·m −1 and 44 mN·m −1 for soybean oil/water and hexadecane/water interfacial tensions [41] . The remaining parameters in our theory (ξ, k of f , Γ(0), µ b , Π out , C in l,r ) are optimized against experimental data using a Markov Chain Monte Carlo (MCMC) method [58] . The details are presented in SI [32] . The best-fit parameters are given in the caption of Fig. 2 . They compare well to literature values for similar systems, tabulated in SI [32] . Beyond being able to fit the reported experimental data, an important insight from our theory is that we can explain the key factors determining the observed dynamical pathways. From Eqs. (2), (3) and (5), we identify four characteristic timescales: (i-ii) lipid desorptions for the monoand bi-layers, τ des = 1/k of f and τ
; and (iv) lipid exchange from the mono-to bi-layer, τ f low = Γ ∞ R/ξ. We construct a dynamic morphology diagram in Fig. 3 , concentrating on the role of the lipid desorption and droplet evaporation timescales. We vary β des = τ des /τ e and β b des = τ b des /τ e while keeping τ f low /τ e = 0.59 constant. We also neglect lipid adsorption, following the results in Fig. 2 , where it is negligible compared to lipid desorption. We observe two dominating regimes. The first one is broadly defined by β des 1 and β b des 1: if desorption is slow, to compensate the increase in lipid monolayer density upon evaporation (shrinkage in monolayer area), lipids flow from the monolayer to the bilayer, resulting in bilayer zipping and growth. In contrast, for β des 1 or β b des 1, desorption from either the mono-or bi-layer is fast enough to tackle the rise in lipid density. As the droplets shrink, the bilayer unzips and the droplets detach.
Between these two dominating behaviours, we observe a crossover regime, which occurs when the evaporation timescale becomes similar to the desorption timescale Mruetusatorn et al. [27] is one of three possible crossover behaviours between the "bilayer expansion" and "unzipping" modes (see SI [32] ). Varying the value of τ f low /τ e leads to similar dynamic morphology diagram, where the "bilayer expansion" mode is favoured at large β des and We now focus on the equilibrium states of DIBs and their relative stability. For simplicity, the left and right droplets are taken to be identical. At equilibrium, lipid adsorption is balanced by desorption. Equating Eqs. (1) and (2) gives equilibrium lipid density,
Furthermore, the chemical equilibrium between the monoand bi-layers imposes the chemical potential of lipids on the bilayer:
Finally, from Eq. (5), the balance between the Laplace and osmotic pressures gives the equilibrium radius of the droplets:
Thus, to realise stable DIBs at different sizes for a given set of materials (lipids and oils), it is necessary to adjust the osmotic pressure difference inside and outside the droplets. Next, starting from the equilibrium states, we perturb the DIB morphologies by randomly varying the outside osmotic pressure, bilayer radius, monolayer lipid densities and polar angles of the droplets within ±10% of the initial equilibrium value. In agreement with experimental observations [26] , the DIBs are not always stable. Fig. 4 shows a transition between stable and unstable DIBs at around 10 µm to 1 mm depending on the polar angle. The simulation parameters are provided in the caption. Each data point is the average behaviour from 120 random perturbations [60] , and the colour intensity signifies the frequency at which we find (i) the DIB is stable (green triangle), or it destabilises via (ii) bilayer expansion (red diamond; slightly preferred for polar angle 155 • ) or (iii) unzipping (blue square; preferred for polar angle 155 • ) mechanisms upon perturbations.
The stability diagram in Fig. 4 can be further understood in terms of timescales. The critical parameter is the ratio between lipid adsorption/desorption and lipid exchange timescales. Here we have set k on /k of f = 1.6 and define β f low = τ f low /τ des = Γ ∞ Rk of f /ξ. DIBs are stable when β f low is large. As detailed in SI [32] , in the stable regime, the system can re-equilibrate without activating lipid flow to the bilayer. In contrast, when the DIBs become unstable for small β f low , lipid exchange between the monolayers and bilayer is significant. We observe (detailed in SI [32] ) the bilayer expansion mechanism is typically accompanied by net desorption and monolayer to bilayer lipid transfer, while for the unzipping mechanism we have net adsorption and bilayer to monolayer lipid transfer.
To conclude, we have studied the stability of DIBs and the dynamic morphologies they follow when they become unstable. Our theory captures the various dynamic pathways observed in experiments. The "bilayer expansion" mode is dominant when the timescales for lipid desorptions both in the mono-and bi-layers are slow compared to the timescale for droplet evaporation. However, if one of the desorption timescales is fast, either in the monolayers or bilayer, then the "unzipping" mode is preferred. We also predict the presence of crossover behaviours at the boundary between these two dominant modes in the dynamic morphology diagram. Interestingly some of the timescales identified in our theory are size-dependant. This proves to be important for the stability of DIBs, where the timescale for lipid exchange between the mono-and bilayers becomes faster for smaller DIBs. This drives instability, and for the experimental systems to which we fitted our model, we predict there is a critical size of order 10 µm to 1 mm below which DIBs can become unstable. An important future work is to exploit this solid theoretical foundation for improving the stability and reproducibility of the DIB platform, which remains a major experimental issue to date, including understanding its possible limit in miniaturisation. Another interesting avenue for research is to complement our model with molecular studies on the lipid transfer mechanisms, which determine the rate constants in our model, and consequently the observed dynamic behaviours.
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[58] The value of ξ is optimized to fit the experimental data in Fig. 2(a) , and its numerical value is kept for other simulations. We only need to fit Γ(0) for the hexadecane/water system ( Fig. 2(e) ), since the availability of experimental surface tension data for the soybean oil/water system allows us to directly determine the initial lipid density.
[59] Consider the case where lipid desorption is faster in the bilayer compared to the monolayers. When lipids can exchange easily from the monolayers to the bilayer, the "bilayer expansion" mode is favoured. For the case where lipid desorption is faster in the monolayers compared to the bilayer, flow of lipids from the bilayer to the monolayers will result in bilayer "unzipping".
[60] We have checked that the global shape of the stability diagram and the position of the boundaries between the different domains converge when averaged over more than 100 simulations. The stochasticity displayed in Fig. 4 results from the random initial perturbations, as described in SI [32] .
